At the heart of the Conway-Kochen Free Will Theorem and Kochen and Specker's argument against non-contextual hidden variable theories is the existence of a Kochen-Specker (KS) system: a set of points on the sphere that has no {0, 1}-coloring such that at most one of two orthogonal points are colored 1 and of three pairwise orthogonal points exactly one is colored 1. In public lectures, Conway encouraged the search for small KS systems. At the time of writing, the smallest known KS system has 31 vectors.
§1 Introduction

The Experiment
Consider the following experiment. Shoot a deuterium atom (or another neutral spin 1 particle) through a certain fixed inhomogeneous magnetic field, such as that in the Stern-Gerlach experiment. The particle will then move undisturbed or deviate. What we have done is measure the spin component * 1 of the particle along a certain direction. This direction depends on the specifics of the field and the movement of the particle.
1. no pair of orthogonal points are both colored 1 and 2. of three pairwise orthogonal points exactly one is colored 1; or alternatively: they are colored 0, 1 and 0 in some order.
A point on the sphere obviously corresponds to a direction in space. Because of this, the terms point, vector and direction can be used interchangeably. Antipodal points correspond to opposite vectors and these span the same direction in space.
Fig. 1 John Conway's 31 Vector Kochen-Specker System
Suppose there is a KS system and a non-contextual deterministic theory satisfying the SPIN Axiom. Then we color a point of this system 0, whenever this theory predicts that the particle will deviate if the spin is measured in the direction corresponding to that point, and 1 otherwise. Given two orthogonal points of the system, we can find a third point orthogonal to both of them. The SPIN axiom implies exactly one of them is colored 1, so they cannot both be colored 1. Similarly, given three pairwise orthogonal vectors in the system, the SPIN axiom implies exactly one of them is colored 1. Hence there would be a 010-coloring of the KS system, quod non. Therefore a deterministic non-contextual theory cannot satisfy the SPIN Axiom.
The KS system proposed by Kochen and Specker contained 117 points.
7)
Penrose and Peres 11) independently found a smaller system of 33 points. The current record is the 31 point system of Conway.
12, p. 197) See Fig. 1 . As pointed out by 2, 3) , finding small KS systems is of both theoretical and practical interest. In public lectures, Conway himself, stressed the search for small KS systems.
9)
Before we continue, we would like to make two remarks.
1. There is an inconsistency in the literature on how to count the number of points in a Kochen-Specker system. One way is to take the minimal number of points required to be non-010-colorable. This is how we count in this paper. Another way is to require that for every pair of orthogonal points in the system, there is a third point orthogonal to both. This way of counting is for example used in 10) . 2. We consider three-dimensional Kochen-Specker systems for two reasons.
First, every 3-dimensional system can be seen as a higher-dimensional system. The converse is false. Secondly, the size of the least KochenSpecker system in dimension 4 and higher has already been found.
10)
The three-dimensional case is still open.
Overview
In 2) Arends, Ouaknine and Wampler (AOW) give a computer aided proof that a KS system must have at least 18 vectors. We improve their lower bound and show that a KS system must have at least 22 vectors.
First, in Subsection 1.3, we repeat a part of AOW's work, in particular the reduction of KS systems to graphs. The bottleneck of their search was the sheer number of graphs and the deciding whether such graphs are embeddable. In Section 2, we improve upon their reduction, to cut down the number of graphs to consider drastically, and state the results of our main computation. Finally, in Section 3, we describe our practical embeddability test. In Section 4, we discuss related work. The software and results of the various computations performed for this paper, can be found here.
16)
This is an extended version of the paper published in proceedings of the 11th workshop on Quantum Physics and Logic. 17) Compared to the results presented on the workshop, we have improved the lower-bound to 22. We also include new restrictions on the graph enumeration of which we would like to ngc341_202 : 2016/2/16(10:32) 6 S. Uijlen and B. Westerbaan emphasize Prop. 2.2, which promises to push the bound when implemented efficiently. Furthermore we expand on methods to prove unembeddability. Finally we discuss how the related results in the literature compare to ours.
Kochen-Specker Graphs
We follow 2) and reduce the search for Kochen-Specker systems to the search for a certain class of graphs. First note that in a Kochen-Specker system we may replace a point with its antipodal point. They are both orthogonal to the same points and hence the non-010-colorability is preserved. Therefore, we may assume antipodal points are identified on the sphere. That is: a Kochen-Specker system is a finite subset of the projective plane that is not 010-colorable.
Definition 1.2
Given a finite subset S of the projective plane (or equivalently, a finite subset of the northern hemisphere without equator * 4 ). Define its orthogonality graph G(S) as follows. The vertices are the points of S. Two vertices are joined by an edge, if their corresponding points are orthogonal. 
Proof
Given a minimal Kochen-Specker graph G. Suppose v is a vertex with order less than or equal to 2. Let G be G with v removed. Clearly G is embeddable. Suppose G is 010-colorable. Then we can extend the coloring to a coloring of G as follows. If v is adjacent to only one or no vertex, then we can color v with 0. Suppose v is adjacent to two vertices, say w and w . If one of w or w is colored 1, we can color v with 0. If both w and w are colored 0, we can color v with 1. This would imply G is 010-colorable, quod non. Therefore G is a smaller Kochen-Specker graph, which contradicts the minimality of G.
There are only ∼10
7 squarefree non-isomorphic graphs on 17 vertices with minimal vertex order 3. Even though Arends, Ouaknine and Wampler note this restriction once, surprisingly, they did not restrict their graph enumeration to graphs with minimal vertex order 3. We present another considerable restriction.
Proposition 2.2
In a minimal Kochen-Specker graph, every vertex is part of a triangle.
Proof
Given any graph G together with a vertex v of G such that v is not part of a triangle. Let G denote G without v. Suppose G is 010-colorable. Then so is G, as we may extend the coloring of G to G by coloring v with 0. Contraposing: if G is not 010-colorable, then G is not 010-colorable. Clearly, if G is embeddable, then so is G . Thus if G is Kochen-Specker, then so is G .
There are only ∼10
5 squarefree non-isomorphic graphs on 17 vertices with minimal vertex degree 3 where every vertex is part of a triangle. Unfortunately, we could not find an efficient algorithm to restrict the enumeration of graphs to those where every vertex is part of a triangle.
We continue with a strengthening of Proposition 1.2.
Proposition 2.3
A minimal Kochen-Specker graph is edge-biconnected. That is: removing any single edge leaves the graph connected.
We need some preparation, before we can prove this Proposition.
Definition 2.1
Given a graph G and a vertex v of G. We say, v has fixed color c (in G), if G is 010-colorable and for every 010-coloring of G, the vertex v is assigned color c.
We are interested in these graphs because of the following observation.
Lemma 2.1
If there is an embeddable graph G on n vertices with a vertex with fixed color 1, then there is a Kochen-Specker graph on 2n vertices.
Proof
Let G be a graph and v a vertex of G with fixed color 1. Consider two copies of the graph G. Connect the two instances of v with an edge. Call this graph G . Clearly, G is not 010-colorable. We need to show G is embeddable. Given an embedding S of G. We may assume that the point in S corresponding to v is the north pole. Furthermore, we may assume that there is no point on the x-axis, by rotating points along the north pole. Let S be S rotated 90 degrees along the y-axis. Some points of S and S might overlap. That is: there might be a point s in S and s in S that are equal or antipodal. Observe that if no points of S and S overlap, then S ∪ S is an embedding of G .
Suppose there are points in S and S that overlap. Note that the north pole (and south pole) is not in S . Let S be S rotated along the north pole at some angle α. There are finitely many angles such that there are overlapping points. Thus there is an angle such that S ∪ S is an embedding of G .
Unfortunately, these graphs are not small.
Computation 2.1
There are no embeddable graphs with fixed color 1 on less than 17 vertices. * 6 We are ready to prove that a minimal KS graph is edge-biconnected.
Proof of Proposition 2.3
Given a minimal Kochen-Specker graph G. Recall it must be connected. Suppose it is not edgebiconnected. Then there must be an edge (a, b) in G, whose removal disconnects G. Thus G decomposes into two connected graphs A and B with a ∈ A, b ∈ B and (a, b) is the only edge between A and B. Clearly A and B are embeddable.
Note that A must be 010-colorable, for if it were not 010-colorable, then A is a Kochen-Specker graph, in contradiction with G's minimality. Similarly B is 010-colorable. Suppose there is a 010-coloring of A in which a is colored 0. Then we can extend this coloring with any 010-coloring of B to a 010-coloring of G, which is absurd. Thus a must have fixed color 1 in A. Similarly b must have We can go one step further.
Proposition 2.4
A minimal Kochen-Specker graph is edge-triconnected. That is: removing any two edges keeps the graph connected.
Again, we need some preparation. First, we generalize the notion of fixed color. • Every vertex in a Kochen-Specker graph has type ∅.
Definition 2.2
• A vertex v has 1-type {(1)} in G if and only if it has fixed color 1 in G.
Just as vertices with fixed color are rare, we are interested in types, because most types do not occur in small graphs.
Computation 2.2
We have enumerated all embeddable graphs of less than 17 vertices and determined a lower bound at which a particular 1-or 2-type occurs, omitting the trivial types {(0), (1)} and {(0, 0), (0, 1), (1, 0), (1, 1)}. * 7
The type {(0, 0), (1, 0), (0, 1)} occurs in the embeddable two-vertex graph . Because the two vertices are adjacent, this occurrence of the type is called trivial. Although these restrictions are theoretically pleasing, they seem to be of little use as a practical restriction. Concerning excluding disconnected graphs:
Proof of Proposition 2.4
Given a minimal Kochen-Specker graph G. Suppose it is not edge-triconnected. Then it splits into two graphs A and B together with vertices a 1 , a 2 ∈ A and b 1 , b 2 ∈ B such that (a 1 , b 1 ) and (a 2 , b 2 ) are the only edges between A and B. Note that A and B must be 010-colorable, for otherwise G would not be a minimal Kochen-Specker graph. 1. Suppose a 1 = a 2 and b 1 = b 2 . Then G is not edge
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Computation 2.3
There are five non-isomorphic minimal squarefree connected graphs with minimal vertex order 3 and they have 10 vertices. * 8 Three of them are embeddable and shown below. The remaining two are depicted in Computation 3.1.
Corollary 2.1
Any disconnected squarefree graph with minimal vertex order 3 has at least 20 vertices, for it has two connected components, each with at least 10 vertices. With 20 vertices, there are exactly 25 of these.
This justifies, at this stage, not checking for connectedness. Similarly, we believe there are very few connected but not edge-biconnected graphs. Now we can state our main computation.
Computation 2.4
Let C n denote the number of non-010 colorable squarefree graphs with minimal vertex order 3 on n nodes. Then: The computation was distributed on approximately 300 CPU cores and took roughly three months. It was executed as follows. We enumerated all squarefree graphs with minimal vertex order 3 on less than or equal to 21 vertices, * 10 using the geng util of the nauty software package, which uses the isomorphism-free exhaustive generation method of McKay.
8) The output of geng, we passed through a custom heuristic backtracker written in C++ to decide 010-colorability of these graphs. §3 Embeddability Our computation has yielded over nine-thousand non-010-colorable graphs. If we show one of them is embeddable, we have found a new KS system. If we demonstrate all of them are not embeddable, we have proven a lower bound on the size of a minimal KS system. * 8 They are the first five graphs listed on: http://kochen-specker.info/smallGraphs/. * 9 Source code at code/comp6 of 16) . * 10 On 21 vertices, we found 24,888,945,914,244 such graphs.
In
2) , Arends, Wampler and Ouaknine discuss several computer-aided methods to test embeddability of a graph. None of these methods could decide for all graphs considered, whether they were embeddable or not. We propose a new method, which for all graphs we considered, could decide whether they were embeddable or not. But first, we give two pen-and-paper proofs of the non-embeddability of the following graph. These two pictures represent a single connected graph of minimal vertex degree three. For presentation, some vertices have been drawn twice.
First Pen-and-paper Proof
Of the graphs of 19 vertices, the above graph was the only not excluded by the unembeddable graphs known by AOW. In order to show that this graph is not embeddable, we proceeded as follows. If the graph is embeddable, there is always an embedding such that the coordinates on the sphere of some triangle in this graph are (1, 0, 0), (0, 1, 0) and (0, 0, 1). We chose to assign these values to the points 0, 10 and 18, respectively. For each of these vertices, any vertex adjacent to it must lie on a certain great circle. For example, we can assign to the vertices 9 and 3, which are both connected to 18, the coordinates ( 1 − x 2 , −x, 0) and (x, 1 − x 2 , 0), for some x ∈ (−1, 1) and x = 0. We find similar expressions for the coordinates of the other triangles containing the vertices 0, 10 and 18. The remaining vertices are assigned a variable value on the sphere, where we always choose the component containing the square-root positive, so we obtain coordinates of the form (a, b, 1 − a 2 − b 2 ), for a, b ∈ (−1, 0)∪(0, 1). In this way we obtain no variables for the first triangle, 4 for attached triangles and then 16 for the left over vertices giving 20 unknowns. The relations for these variables are given by the fact that the inner product of the vectors should be zero if they are adjacent. Not counting the inner products that are trivially zero, we obtain 24 equations. By tedious calculations, one derives the equation x 2 (1 − x 2 ) = −1, which is not satisfiable. Hence this system is not embeddable.
If we only consider the points used to obtain the contradiction, we find an unembeddable subgraph of the system containing 13 vertices. * 11 In the appendix we included the derivation of contradiction. In theory, this approach can be mechanically performed by a computer. However, there are too many variables to solve this in reasonable time.
Second Pen-and-paper Proof
We give a second simpler pen-and-paper proof of the unembeddability of the graph, by showing a subgraph is unembeddable.
Proposition 3.1
The graph in Fig. 3 is not embeddable.
Fig. 3 One of The Two Minimal Non-embeddable Graphs
Proof
Suppose it is embeddable. Consider (the point associated to) p 1 . It is orthogonal to both a and v. Since a and v are not collinear, p 1 must be collinear to v × a, the cross-product of v and a. Similarly, p 2 is collinear to
Continuing in this fashion, walking the circumference of the graph, we find which is a contradiction. Apparently this graph is not embeddable.
An Algorithm to Decide Embeddability
In the previous proof, we fixed, without loss of generality, the position of a few vertices. Then we derived cross-product expressions for the remaining vertices. Finally, we found an equation relating some of the cross-product expressions and show it is unsatisfiable. We automate this reasoning as follows. while there are unassigned vertices adjacent to two distinct assigned do pick such a vertex w adjacent to the assigned w 1 and At two points in the algorithm, there is a choice which vertex to pick. Depending on the vertices chosen, the number of recorded requirements and free points may significantly vary. By considering all possible choices, one can find the one with least free points.
The requirements can be mechanically converted to a formal sentence in the language of the real numbers. This sentence is true if and only if the graph is embeddable. Famously, Tarski proved 15) that such sentences are decidable. His decision procedure has an impractical complexity. However, its practical value has been improved by, for instance, the method of cylindrical algebraic decomposition. 4) We have used the redlog 6) package of the reduce algebra system, which implements a variant of Tarski's quantifier elimination. * 12 Different assignments give different sentences. In our tests, some assignments would yield sentences that were decided within milliseconds, whereas another assignment with less free vertices would yield a sentence that could not be decided (directly). Therefore, when determining embeddability of a graph, we try several assignments in parallel.
Using this algorithm, we could determine embeddability for most graphs with less than 15 vertices. However, there were a few (010-colorable) graphs for which the algorithm would not terminate and hence their embeddability was not decided. By hand, we found with trial and error an embedding for some of these graphs. Once we knew the troublesome graphs were embeddable, we adapted the algorithm, as to guess for some assignments the position of one of the vectors. If the corresponding sentence turns out false, we know nothing. However, if the sentence is true, we know the graph is embeddable.
With this method, we have decided in a day the embeddability of every squarefree graph with minimal vertex order three of less than 15, except for one. * 13 In particular: Pavičić et al have given a lower bound on the size of the minimal complete Kochen-Specker system. Similar to our approach, they reduce the problem to a question about discrete structures which can be considered as a subclass of graphs. They discovered several uncolorable candidates of which they could prove unembeddability using either symbolic computation or interval analysis. Clearly, a bound on the minimal size of a KS system is also a bound on the minimal size of a complete system. Conversely, a KS system can be completed by adding missing vectors. However, it is not clear how many vectors have to be added in general to complete the system. A history of the different bounds on 3-dimensional Kochen-Specker systems is given in the table below. 
2014
≥ 22 ≥ 22 Pavičić et al.
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? ≥ 30 Fig. 4 A history of the bounds on the size of the minimal (complete) three-dimensional Kochen-Specker system. §5 Conclusion and Future Research
Arends, Ouaknine and Wampler struggled with two problems: enumerating candidate graphs of less than 31 vertices and testing their embeddability. We have verified most of their computations. Then we enumerated all candidate graphs up to and including 21 vertices. Furthermore, we have proposed a new decision procedure, which was able to decide embeddability for all candidate graphs we found. Therefore, we demonstrate: a Kochen-Specker system must have at least 22 points. * 15 Enumerating all candidate graphs of less than 31 vertices is computationally infeasible. To bridge the enormous gap between 22 and 31, requires a new insight. Most likely, this would be a new practical restriction on which graphs to consider. In particular (following Prop. 2.2) a fast algorithm to enumerate square-free graphs of minimal vertex order three where each node is part of a triangle, would probably allow to test for KS-systems up to and including 24 vertices.
The reader, interested in pursuing this line of research, is encouraged to read the master thesis 1) of Arends, in which he discusses in detail several other properties that a minimal KS system must enjoy, as well as some failed attempts.
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